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Background: The interest in using fractional calculus operators has grown in the field of image processing. 
Image enhancement is one of image processing tools that aims to improve the details of an image. The 
enhancement of medical images is a challenging task due to the unforeseeable variation in the quality of the 
captured images.
Methods: In this study, we present a mathematical model based on the class of fractional partial differential 
equations (FPDEs). The class is formulated by the proportional-Caputo hybrid operator (PCHO). 
Moreover, some properties of the geometric functions in the unit disk are applied to determine the upper 
bound solutions for this class of FPDEs. The upper bound solution is indicated in the relations of the general 
hypergeometric functions. The main advantage of FPDE lies in its capability to enhance the low contrast 
intensities through the proposed fractional enhanced operator.
Results: The proposed image enhancement algorithm is tested against brain and lungs computed 
tomography (CT) scans datasets of different qualities to show that it is robust and can withstand dramatic 
variations in quality. The quantitative results of Brisque, Piqe, SSEQ, and SAMGVG were 40.93%, 41.13%, 
66.09%, and 31.04%, respectively for brain magnetic resonance imaging (MRI) images and 39.07, 41.33, 
30.97, and 159.24 respectively for the CT lungs images. The comparative results show that the proposed 
image enhancement model achieves the best image quality assessments.
Conclusions: Overall, this model significantly improves the details of the given datasets, and could 
potentially help the medical staff during the diagnosis process.
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Introduction

Fractional partial differential equations (FPDEs) with 
different types of fractional operators have been successfully 
applied as a novel direction in image processing. For 
example, the analytic approximated solution of conforming 
model problems using FPDE methods was applied as an 
image denoising algorithm (1,2). More recently, an image 
denoising and enhancement algorithm that employs 
stability and convergence was proposed based on the 
numerical method of FPDE (3). Another FPDEs model 
was proposed for image denoising and texture enhancement 
of images (4). Fractional calculus is regularly used as an 
image enhancement model due to its good performance (5). 
The fractional order allows for the superior enhancement 
of the quality of input images, however, there is still 
room for improvement since the results are not always 
satisfactory. Here, we introduce a new method for solving 
FPDEs analytically. We focus on a class of heat equations 
of fractional order that utilize a hybrid fractional integral-
differential operator.

Magnetic resonance imaging (MRI) and computed 
tomography (CT) scans contribute essential information 
during the clinical diagnosis of several diseases. This is 
achieved by presenting the visceral tissues in a clear manner 
so that clinicians are able to make suitable diagnosis.

Medical imaging techniques sometimes generate images 
that: have artifacts, are low in contrast, and/or don’t clearly 
show the boundaries of the visceral organs. To mitigate 
these issues, we propose a new mathematical model that is 
based on the class of FPDEs to enhance the low contrast 
intensities of medical images. We aim to provide an 
enhancement method for medical images so that doctors 
can give clinical diagnoses faster and more confidently.

The logic behind using FPDEs as medical image 
enhancement lies in its capability to enhance the low 
contrast intensities through the proposed fractional 
enhanced operator. For each pixel in the image, the 
proposed model derives the coefficient estimates of FPDE 
according to the details of image pixels’ frequency. As a 
result, the proposed FPDE model enhances the low the 
gray-level of each pixel in which without affecting high 
frequency details.

The performance of the proposed image enhancement 
model was assessed using relevant image quality metrics, 
and compared with state-of-the art of image enhancement 
techniques.

The main contributions of this study are as follows:

(I) We present a unique low-light image enhancement 
method which can achieve better contrast 
enhancement on real low-light medical images.

(II) We propose a FPDEs model that is based on 
the spatial domain method, and utilizes a hybrid 
fractional integral-differential operator for real 
low-light medical images enhancement.

(III) The proposed FPDEs can be applied as an efficient 
pre-processing step for any image processing 
approach.

The rest of this paper is organized as follows. The 
related work section highlights the relevant studies. The 
method section describes the class of FPDEs with some 
properties of the geometric functions in the unit disk. In the 
results section, we present the details of the experiments we 
conducted for the evaluation of the proposed method. The 
conclusions section is the final part of the study.

Related work

Image enhancement methods are designed to enhance 
the visual appearance of an image such that the details of 
the image are significantly improved without altering the 
information of the image. This is done through different 
ways, such as blur removal and denoising (6). In the 
literature, image enhancement can be classified into spatial 
and frequency domain. Spatial domain image enhancement 
works on pixel values, while the image enhancement in 
frequency domain uses a transform approach of the images.

Most image enhancement algorithms are based on spatial 
processes implemented on image pixels to produce more 
appropriate images compared to the input image.

Multiple image enhancement methods based on spatial 
domain algorithms have been reported in the literature. 
The most common concept among image enhancement 
methods is the modification of the image histogram (7). 
This concept is common due to its simplicity and robustness 
under different scenarios. However, images enhanced 
using this concept may suffer from a washed-out effect 
due to normalized image intensities. To solve this issue, a 
novel joint histogram equalization (JHE) based technique 
was proposed. The motivation is to use the pixels and its 
neighbor’s information to improve the image contrast (8).

Guo et al. 2017 (9), used the brightness of the image 
as the initial illumination component and optimized 
the illumination component iteratively. The use of this 
approach leads to a better image enhancement with good 
visual appearance.
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The above-mentioned techniques may produce images 
with over saturation artifacts due to the stretching of the 
gray levels over the full gray level range. To resolve this 
issue, as well as to enhance the contrast and the brightness, 
a dynamic fuzzy histogram equalization with brightness 
preserving has been proposed by Sheet et al. 2010 (10). 
The fuzzy set theory has been used in the aforementioned 
work to deal with the imprecision of the gray values in a 
histogram that is partitioned according to local maxima.

Another image enhancement approach based on the 
fuzzy set theory was proposed by Hasikin et al. 2014 (11). 
This approach achieved better image quality with minimum 
processing time. In their work, the authors proposed a 
contrast factor that is based on the differences in the gray-
level values of image pixels in the local neighborhood. This 
approach has successfully improved the quality of the image 
while preserving the details. However, the fuzzy histogram 
is challenging to implement on non-uniform illumination 
images because the overexposed and underexposed areas 
could occur in the same region of the image.

Recently, a few image enhancement algorithms based 
on the concept of fractional calculus have been proposed. 
The fractional operators have the ability to keep the high 
frequency contour features, and to enhance the texture 
details. Roy et al. 2016 (12) proposed a new fractional 
calculus enhancement algorithm based on Laplacian 
operations. The method was proposed to remove the 
generated Laplacian noise from text inside video frames.

Similarly, a fractional-based image enhancement 
model was proposed by Al-Shamasneh et al. 2018 (13). 
The proposed model relies on pixel probability of the 
neighboring pixels to enhance kidney images obtained from 
self-collected MRI dataset. Raghunandan et al. 2017 (14) 
proposed a low contrast license plate image enhancement 
model based on Riesz fractional operator. The model 
achieved good results for the text images only. Alternatively, 
Al-Ameen and Sulong 2016 (15) proposed a tuned single-
scale Retinex algorithm for improving the dynamic range 
of MRI scans. The proposed enhancement model is able 
to improve the brightness and contrast of the input MRI 
scans, but the preservation of fine details was not achieved. 
For poorly illuminated images, Fu et al. 2016 (16) proposed 
the fusion-based image enhancement method by applying 
different techniques to adjust the image illumination. This 
approach effectively improved the images illumination. 
However, the aim of the method is restricted to weakly 
illuminated images but not for images that suffer from 
degradations, and poor quality. In the same way, Zhang 

et al. 2019 (17) proposed an automatic image exposure 
correction method by using dual illumination estimation. In 
this method, the multi-exposure image fusion technique is 
employed to improve the input image with both under and 
over exposed regions into a globally well-exposed image. 
Despite the good results of this method, it was not shown 
to be able to preserve the fine details of medical images, 
which is required for the diagnosis process. Likewise, more 
image enhancement methods have been proposed deep 
learning approaches. Li et al. 2018 (18) proposed a deep 
learning approach to enhance dark images. This approach 
operated well without any paired training data for low-light 
enhancement jobs. The experimental results on various low 
light datasets show the effectiveness of this method. The 
partial differential equations (PDEs) based methods have 
been used in many research fields. Sharma et al. 2019 (6)  
have proposed a FPDE based image enhancement model. 
The proposed model decreased the image noise and 
enhanced the image contrast. However, it is found that the 
model used the iterations approach to enhance the image 
which increased the complexity of the algorithm.

In the same approach, Zhang et al. 2019 (19) have 
developed an adaptive fractional order image enhancement 
method based on the information of fractional order 
differential and the image segmentation. The image 
enhancement depends on the result  of  the image 
segmentation algorithm which is used to segment the 
image into the objects and the background, which makes 
it not able to preserve contrast information of the image 
efficiently.

The above-mentioned methods explored different 
approaches for enhancing images. These methods work 
well in improving the whole image, but not for the sub-
regions enhancement. Therefore, in this study, the image 
enhancement model proposed in this study is based on 
a class of heat equations of fractional order utilizing a 
hybrid fractional integral-differential operator, which can 
enhance the image to a certain extent, and the display effect 
of image information is better than the traditional image 
enhancement model.

Methods

First, we define the pixel energy based on proportional-
Caputo hybrid operator (PCHO) for each image pixel (i, j) 
on spatial domain. Then, in terms of the hypergeometric 
functions, we will introduce the convex solution as 
compensation to get the enhanced MRI image.



175Quantitative Imaging in Medicine and Surgery, Vol 12, No 1 January 2022

© Quantitative Imaging in Medicine and Surgery. All rights reserved.   Quant Imaging Med Surg 2022;12(1):172-183 | https://dx.doi.org/10.21037/qims-21-15

PCHO

In this section, we introduce the technique of the PCHO. Let S be the class of analytic functions in the open unit disk 
D(|z|<1). Let ℵ be the subclass of S admitting the function f(z)=z+a2z

2+...  [see (20)]. Here, we give the definitions of the 
fractional operators in the complex plane C followed by the interpretations of the Srivastava and Owa fractional operators of 
fractional calculus (21).

Definition 1: the integral of arbitrary order α, where R(α)>0 for a function g(z), is

 
( ) ( ) ( )( ) ( )1

0
1 ( ) ; 0z

zI g z g z d Rα αζ ζ ζ α
α

− 
= ∫ − >  Γ 

 [1]

Here, g is analytic in D and the multiplicity of (z−ζ)α−1 is terminated by letting log(z−ζ) when R(z−ζ)>0.
Definition 2: the Srivastava and Owa fractional derivative of order 0≤α<1 [see (21)]:
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such that g is analytic in D and the multiplicity of (z−ζ)−α is terminated by consuming log(z−ζ) when R(z−ζ)>0.
Definition 3: let k=1,2,…. Then for k−1<α<k and analytic function g(z); the Caputo derivative of order α is formulated by
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where g and its k-derivatives are analytic in D and the multiplication of (z−ζ)k−α−1 is ignored by supposing log(z−ζ) when  
R(z−ζ)>0.

Remark 4: the properties of  ( )zD g zα  and  ( )C
zD g zα  are as follows: ( )

( )
1

( ) ( )
1zD z zα α
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.  

Lately, Ibrahim and Jahangiri 2019 (22) introduced a definition of a proportional (conformable) differential operator (PDO) 
in a complex domain, specifically for function f∈ℵ as follows:

Definition 5: for f∈ℵ, the PDO (△αf) of order α∈[0,1] in defined by

 
( ) ( )
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where the functions κ1,κ0:[0,1] ×D→D are analytic in D and thus κ1(α,z)≠−κ0(α,z), ( )10
, 1lim z

α
κ α

→
= , ( )11
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It is clear that for f∈ℵ, we have △αf(z)∈ℵ, ∀z∈D. Applying the next property of  C zDα , we define the combined operator as 

follows:  ( ) ( ) ( ) ( )1

0
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Now, by substituting Eq. [4] in the derivative f'(z), we receive the following operator
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A special case of Eq. [5] can be considered, when κ1 and κ0 are constants formulating by α. We have the following 
construction of a linear operator:
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It is clear that  ( )L
zD f zα  represents a linear combination of the Srivastava-Owa operator f and the complex Caputo 
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operator for zf. For example, when κ1=1−α and κ0=α, we have the operator  ( ) ( ) ( ) ( )( )11 2L C
z z zD f z I f z D zf zα α αα α−= − + .

Define a conformable operator Θαf(z), f∈ℵ by the formula
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L
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f z
z

α
α

αα −

 
Θ = Γ −   

 
：   [7]

Note that the real case of PCHO is studied in (23)  ( ) ( ) ( ) ( )1 0 ( )CPC C
t t tD h t I h t D h tα α ακ α κ α= + , where tIα  and C

tDα  indicate 
the Riemann-Liouville integral and the Caputo derivative respectively. Note that  ( )CPC

tD h tα  achieves the property [(23), 

theorem 2] ( )( ) ( )CPC CPC
t tI D h t h tα α = , h(0)=0. 

The generalized PDE

In this approach, we deal with the PDE of the form

 ( ) ( ), ,CPC
tf z t D f z tα αΘ =   [8]

where f:D×J→D is analytic parametric function such that f(0,0)=0. Our aim is to construct a real solution of Eq. [8] in 
terms of the hypergeometric functions. It is well known that the source of the heat is near the origin in the open unit disk. 
Consequently, the delivery of the heat is in a homogeneous formal; in this situation, we receive a convex shape; or it is a non-
homogeneous then we get the starlike (univalent) shape (24). For this purpose, we check the upper bound solution of Eq. [8] 
by using convex and starlike functions respectively.

Upper bound solution (optimal solution)

In this subsection, we approximate the solution of Eq. [8] by using the hypergeometric function.
Proposition 6: suppose that f(z,t) in the class of convex functions in the open unit disk (C). Then

 ( ) ( )( ), 1, 2;3 ; ',f z t r rF trα αΘ ≤ −   [9]

where F indicates the hypergeometric function. The equality occurs for the parametric (rotated) Koebe function of the first 
type 
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where 
 ( )

( )
( )n

b n
b

b
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=
Γ

 is the Pochhammer symbol. Lastly, by assuming the Koebe function K(tz), with an=1 in the above 

conclusion, we can indicate the sharp outcome.
Next, we show the maximal solution of Eq. [8].
Proposition 7: consider Eq. [8] with a convex solution f(z,t). Then
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By using Proposition 6, Eq. [8] becomes
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Now by letting a:=α−1 and b:=κ1(α)/κ0(α) then we have 
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In general, assume that 
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(|z|=r<1, κ0(α)=α, t∈J=[0,1], 0<α<1).

The connect values (coefficient estimates)

Here, we deal with the connect values (coefficient estimates), which are convoluted with the images. In our application, 
the value of r<1 is indicated the probability of the pixel of the image for all t∈J and α∈(0,1). Moreover, the value of ϕ(i, j) is 
calculated for each image pixel(i, j) on spatial domain using the following expressions:

Proposition 8: the value of ϕn is approximated in the following formula
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The enhanced image is given by:

 ( ) ( ) ( )Ien i, j I i, j i, j= ×φ   [16]

Where I(i,j) is the input image, Ien(i, j) is the result enhanced image, and α is the fractional parameter.
In the proposed enhancement model, the fractional parameter α is the parameter for the fine detail enhancement, and it is 

fixed experimentally as shown in Figure 1. It is observed that when the value of α is equal to 0.6, the best score for Brisque is 
obtained (lower is better). Therefore, we consider 0.6 as the experimental value of α in this study.

The proposed algorithm is based on the spatial domain method, utilizing a hybrid fractional integral-differential operator. 
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The algorithm steps are described as follows:
(I) Set the fractional parameter α=0.6;
(II) For each input image, calculate the pixel probability 

(r) in Eq. [15];
(III) Calculate ϕ(i,j) using Eq. [11], where (i,j) denotes 

the pixel position;
(IV) Calculate the Ien(i,j) using Eq. [16].
Figure 2 shows the input and their enhanced images as 

well as their histogram components. The lack of image 
details of the input images is clearly being noted as shown 
in Figure 2A. However, the image contrast of the input 
images is stretched when comparing them to the proposed 
method as shown in Figure 2C. Moreover, areas lacking 
details become brighter with well-defined detail after the 
enhancement process. The histogram analysis illustrates 
the variations in the features of the input and the enhanced 
images. The histogram analysis of the input and the 
enhanced images are shown in Figure 2B,2D respectively. It 
is apparent from Figure 2B, that the probability distribution 
of the input image pixels looks compact, while the 
probability distribution of the pixels in the enhanced image 
Figure 2D looks more scattered. This implies that the image 
quality as well as its contract have been improved.

Results

The code of the proposed image enhancement algorithm 
was developed using MATLAB 2020b, while both Matlab 
and Python have been used to conduct the comparative 
analysis with other methods. In this study the following 
datasets are used:

(I) The CT scan dataset created by the Italian Society 
of Medical and Interventional Radiology, which is 
named as COVID-19 DATABASE dataset (25).

(II) Brain MRI dataset, comprising 154 MRI brain 
images (26).

To evaluate the proposed image enhancement model, we use 
four, no-reference image quality assessment metrics, which are:

(I) “The blind referenceless image spatial quality 
evaluator (Brisque)”,  which calculates  the 
perceptual quality of images (27).

(II) “Perception based image quality evaluator (Piqe)”, 
which calculates the image quality affected by 
arbitrary distortion (28).

(III) “Spatial-spectral entropy-based quality (SSEQ) 
index”, which assesses the quality of a distorted 
image across multiple distortion categories (29).

(IV) “The blind image sharpness assessment based on 
maximum gradient and variability of gradients” 
(SAMGVG), in which the maximum gradient 
represents the sharpest spot in an image, and the 
variability of gradients shows variations within the 
content of the image (30). Sharpness represents the 
amount of details in an image. Accordingly, motion 
blur, out-of-focus, de-noising filtering reduce 
the amount of details in an image, and therefore, 
reduce the perceived sharpness.

It is noted that lower scores of Brisque, Piqe and SSEQ 
indicate better quality of the enhanced images. 

To demonstrate that the proposed enhancement 
model is efficient as a medical image enhancement tool, 
we implemented the following existing methods for 
the comparative study: The fractional entropy based 
enhancement method of kidney images by Al-Shamasneh 
et al. 2018 (13). The image enhancement method for 
license plate by Raghunandan et al. 2017 (14) that is based 
on the Riesz fractional operator. The MRI brain images 
enhancement method by Al-Ameen and Sulong 2016 (15).  
The fusion-based enhancement method of poorly 
illuminated images by Fu et al. 2016 (16). The CNN-
based image enhancement method by Li et al. 2018 (18) 
for weakly illuminated images. And finally, the automatic 
exposure correction method by Zhang et al. 2019 (19). All 
of the aforementioned methods were executed on the same 
machine (Windows 10 64-bit, Intel Core i7, SSD storage, 
and 8 GB of RAM) for consistency.

The qualitative results of the proposed and the existing 
methods for input images of two image datasets are illustrated 
in Figure 3, in which all of the images have different trends 

Figure 1 The average brisque measure for different values of the 
fractional parameter (α).
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Figure 2 Sample output of the proposed algorithm along with histogram analysis. (A) Input image, (B) histogram detail of input image, (C) 
enhanced image, (D) histogram detail of enhanced image.
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Figure 3 The brain MRI enhancement results of the proposed and existing enhancement models. (A) Input image, (B) Al-Shamasneh  
et al. (13), (C) Raghunandan et al. (14), (D) Al-Ameen and Sulong (15), (E) Fu et al. (16), (F) Li et al. (18), (G) Zhang et al. (19), (H) proposed 
method. MRI, magnetic resonance imaging.
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with the dark and bright areas. When we compare the 
enhancement results of existing methods with the proposed 
method, the proposed method shows better enhancement 
results than the existing methods in terms of image quality. 
The reason is that the proposed method uses the fractional 
partial differential enhanced operator which captures the 
high frequency image details in, regardless of noise, blur, 
and distortion created by image capturing systems. In the 
case of the existing method, it could be seen that the Fu  
et al. (16) Figure 3E, and Zhang et al. (19) Figure 3G methods 
produce over-enhanced images, while the proposed method 
produces natural appearance by enhancing the dark areas and 
maintaining the bright areas of input images.

Overall, the brightening caused by the proposed model 
makes the structures of the medical images which usually 
represent edges well-defined and clear. This is accredited 
to the model’s capability to capture high frequency details 
efficiently. The proposed method introduces fair visual 
results for the weakly illuminated images. This is the 
contribution of the fractional integral entropy in this study.

The achieved quantitative results of the proposed 
enhancement method and the existing image enhancement 
models  are  s tated in  Table  1 .  Most  of  the image 
enhancement methods reported in the literature use the no-
reference image quality metrics, therefore, the Brisque and 
Piqe scores have been used for the quantitative comparisons 
as presented in Table 1. The proposed method achieves the 
best Brisque and Piqe for almost all of the images from 
the two datasets. However, for the brain MRI images, the 
performance of the proposed method degrades slightly 
compared to the Zhang et al. (19) method. This might 

be caused by the increased complexity of the said images 
compared to the ones found in the other two datasets, and 
might constitute a primary limitation of the present study.

Discussion

The proposed image enhancement method is better than 
the existing methods in terms of Brisque and Piqe score as 
reported in Table 1. The proposed method achieves the best 
Brisque and Piqe for almost all of the images from the two 
datasets. However, for the CT lungs images, the Piqe score 
of the proposed method degrades slightly compared to the 
Raghunandan et al. (14). The reason is that the method (14) 
is developed for enhancing license plates for detection and 
recognition. Overall, the proposed method achieves the 
best of Brisque and Piqe scores (lower is better), regardless 
of dataset and content. In summary, for the two image 
datasets of different visual complexities, the proposed 
method achieves the best results compared to the rest of 
the mentioned methods due to its consistent results across 
the different datasets. However, some existing methods 
may produce better results when used under particular 
conditions since they were designed with a specific 
application in mind.

Conclusions

In this  study,  a  novel  method for medical  image 
enhancement based on the class of FPDEs has been 
proposed. The proposed method embraces the fractional 
calculus and geometric functions in the unit disk. This 

Table 1 Assessment of various image enhancement methods and the proposed model

Methods
Brain MRI images CT lungs images

Brisque Piqe SSEQ SAMGVG Brisque Piqe SSEQ SAMGVG

Al-Shamasneh et al., 2018 (13) 42.77 78.29 68.65 32.08 41.74 45.55 36.62 168.03

Raghunandan et al., 2017 (14) 41.04 59.03 66.85 31.02 39.67 41.51 34.52 158.68

Al-Ameen and Sulong, 2016 (15) 42.30 69.05 69.41 31.72 41.09 43.98 35.165 164.36

Fu et al., 2016 (16) 41.96 65.52 65.60 29.37 44.64 39.53 35.20 178.56

Li et al., 2018 (18) 41.39 55.98 65.60 31.04 42.98 42.07 33.60 171.92

Zhang et al., 2019 (19) 43.92 42.59 68.80 32.94 43.09 42.98 34.40 172.36

Proposed method 40.93 41.13 66.09 31.04 39.07 41.33 30.97 159.24

MRI, magnetic resonance imaging; CT, computed tomography; Brisque, blind referenceless image spatial quality evaluator; Piqe,  
perception based image quality evaluator; SSEQ, spatial-spectral entropy-based quality; SAMGVG, sharpness assessment based on 
maximum gradient and variability of gradients.



182 Ibrahim et al. Medical image enhancement based on FPDEs

© Quantitative Imaging in Medicine and Surgery. All rights reserved.   Quant Imaging Med Surg 2022;12(1):172-183 | https://dx.doi.org/10.21037/qims-21-15

model applied the fractional operator, which dynamically 
enhanced the fine details of the medical images. The 
proposed enhancement model enhanced the fine details 
in images of the two image datasets efficiently. The 
experimental results on two medical image datasets 
indicated that the proposed approach outperforms the 
existing methods under the general application of image 
enhancement. This gives the proposed model the advantage 
of being more scalable for medical image enhancement 
than the existing methods. Future works may adapt the 
present model for specific applications to achieve maximum 
enhancement benefit.
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